Welsh conjectured that for any simple regular connected matroid M, if each cocircuit has at least 
Introduction
In [1] , Dirac introduced a fundamental theorem establishing suf cient conditions for the existence of Hamilton cycles in graphs. Motivated by Dirac's theorem, Welsh (see [4] , Problem 14.4.1) conjectured that a more general result holds for matroids:
Conjecture ( Welsh )
If M is a simple regular connected matroid and every cocircuit has at least In [2] , Hochstättler and Jackson veri ed Welsh's conjecture. They also proved the following theorem:
1.3 Theorem ( Hochstättler, Jackson ) Let M be a simple connected binary matroid such that every cocircuit has size at least d ≥ 3. If M has no F 7 -minor, M = F *
7
, and d ∈ {5, 6, 7, 8}, then M has a circuit of size at least min{r(M) + 1, 2d}.
In their proof of the above theorem, they use Seymour's decomposition theorem for regular matroids(see [4, Theorem 13.2.4] or [5] ) to reduce the problem to the case of graphic and cographic matroids which they treat separately. In this paper, we give a shorter, simpler proof of Welsh's conjecture which avoids any complicated decomposition results. We shall prove the following theorem, from which Welsh's conjecture is a consequence:
Theorem
Let M be a simple connected regular matroid and let C ∈ C (M), where |C| ≤ min{r(M), 2d − 1}. Suppose |C * | ≥ d ≥ 2, ∀C * ∈ C * (M), C ∩C * = Ø. Then there is a circuit D such that C D is a circuit where |C D| > |C|.
In this paper, we actually prove a slightly stronger version of this theorem (see Theorem 3.2). We remark that the condition d ∈ {5, 6, 7, 8} in Theorem 1.3 is not needed in the above theorem. To remove this condition, it was conjectured in [2, Conjecture 1] that every essentially 4-connected graph with n vertices, m edges, minimum degree at least three, and girth d ∈ {5, 6, 7, 8} where 2d ≥ m − n + 2 has a cocircuit of size at least 2d. Theorem 1.4 indirectly veri es this conjecture.
Crossing Sets and F 7 -Minors
We shall rst de ne some concepts and notation for sets. Let A and B be subsets of a set X . If X is the disjoint union of A and B, then we shall write X = A A collection of sets S is non-crossing if each pair of sets in S is non-crossing. A k-circuit is de ned to be a circuit having k elements. A 2-circuit will also be called a digon and a 3-circuit is also called a triangle. In the proof of the main result (Theorem 3.2), the following lemmas will be instrumental.
Lemma
Let M be a binary matroid. Suppose C 1 ,C 2 ,C 3 are triangles intersecting in a common element e, and M C 1 ∪C 2 ∪C 3 is simple. If there exists a 3-circuit C 4 where e ∈ C 4 and C 4 intersects each of
Proof This follows from three applications of the fact that if 123, 345, and 561 are circuits in a binary matroid, then 246 is also a circuit.
Let M be a simple connected binary matroid and let C be a circuit. Let C 1 ,C 2 ,C 3 ∈ C (M) where e ∈ C 1 ∩C 2 ∩C 3 and let f i , i = 1, 2, 3 be distinct elements where In the sections to follow, we shall prove the next theorem which is a slight strengthening of Theorem 1.4.
Theorem
Let M be a simple connected regular matroid and let C ∈ C (M), where |C| ≤ min{r(M), 2d − 1}. Suppose |C * | ≥ d ≥ 2, for all C * ∈ C * (M), where C ∩ C * = Ø. Then there exists a C-augmenting circuit.
Properties of a Minimum Counterexample
We shall prove Theorem 3.2 by using the minimum counterexample approach. We suppose that the theorem is false, and we let M be a simple connected regular matroid which is a counterexample for which |E(M)| is minimum. Since the theorem is seen to hold when |E(M)| ≤ 5, we have that |E(M)| ≥ 6. Let C be a circuit of M where |C| ≤ min{r(M), 2d − 1}, and |C * | ≥ d for all C * ∈ C * (M)
where C ∩C * = Ø. We shall assume that there are no C-augmenting circuits. In this section, we shall show that M has certain properties. Proof Assume |C| ≤ r(M) − 1. Let e ∈ E (M)\cl(C), and suppose e does not belong to a triangle of M. Then M/e is simple, and C ∈ C (M/e), since e is not a chord of C. We have |C| ≤ r(M) − 1 = r(M/e). We also observe that any cocircuit of M/e is also a cocircuit of M, and consequently it holds |C * | ≥ d, ∀C * ∈ C * (M/e), where C * ∩C = Ø. We have |C| ≤ min{r(M/e), 2d − 1}.
Suppose M/e is connected. Since M is a minimum counterexample and
, and D is seen to be a C-minimal circuit of M and |D C| = |D C| + 1 > |C|, and D is C-augmenting. In either case, we arrive at a contradiction. Proof Let e ∈ C and C = C\{e}. By (4.1), M/e is connected. Suppose M/e is not simple, and let { f , g} be a digon of M/e. Then {e, f , g} is a triangle of M. If f , g ∈ C * for some C * ∈ C * (M), where C ∩ C * = Ø. Then {e, f , g} is a C-minimal circuit where |{e, f , g} C| = |C| + 1. This implies that {e, f , g} is C-augmenting, contradicting our assumptions. Hence there is no cocircuit C * disjoint from C where f , g ∈ C * . More generally, there is no cocircuit C * disjoint from C where C * contains a digon of M/e. In particular, if M/e is the simpli cation of M/e, then every cocircuit C * ∈ C * ( M/e) where C ∩C * = Ø, is also a cocircuit of M/e, and hence also of M. Thus for all C * ∈ C * ( M/e) where
Suppose D is also a circuit of M. Then D is seen to be a C-minimal circuit. Moreover, Let D be a C-minimal circuit for which |C D| = |C|. In addition, choose D so that |C ∩ D| is minimum among all such circuits. 
We have C * ∩ D 2 = Ø, and hence it holds that C * ∈ C * (M ). Since A = C * ∩ K = Ø, and K is a component of M , it must hold that C * ⊂ K , which is clearly impossible since C * 
Using similar arguments as in Case 1, one can show that D N is a C-minimal circuit. We have that
In this case, D N is a C-augmenting circuit, contradicting our assumption. , X = {x ∈ E (N)\C N x and a cross}.
For each x ∈ X , and j ∈ {1, 2}, we de ne the sets A a 1 , a 2 , a 3 , a 4 where a 1 ∈ A x ∩ A y , a 2 ∈ A x \A y , a 3 ∈ A y \A x , and a 4 ∈ A\(A x ∪ A y ). 
By Lemma 2.2, N has an F 7 -minor, a contradiction. 
∩C
). This gives a contradiction. for all x ∈ X . To simplify our notation, for each x ∈ X we let
For each x ∈ X , we de ne the sets
We say that a nite collection of sets S is strictly nested if for some ordering of the sets S 1 , S 2 , . . . , S n it holds S 1 ⊂ S 2 ⊂ · · · ⊂ S n . That is, the sets of S are totally ordered by inclusion.
Lemma
For each x ∈ X , both B x and C x are strictly nested collections of sets.
Proof Suppose x ∈ [x]. Then A x = A x , and hence Lemma 5.1 (ii) implies that either B x ⊂ B x or B x ⊂ B x . Thus the collection B x is totally ordered under inclusion. From this, we conclude that B x and hence also C x is a strictly nested collection of sets.
For each pair of elements e, f ∈ D 0 , we de ne C * e, f = E (N)\(cl(C N \{e, f })). Given that C N is a spanning circuit of N, the set C * e, f is seen to be a cocircuit of N, and also of M. We let C * e, f
The following theorem will be instrumental in the proof of the main theorem.
Theorem
There exists f 0 ∈ D 0 \{e 0 } such that the collection { C x x ∈ C * In light of (5.6), we may assume for the remainder that there exists z 0 ∈ X such that A z 0 ⊆ A y 0 \A x 0 and f 0 ∈ A z 0 . By Lemma 5.2, we may also assume that B z ⊃ B z 0 for all z ∈ [z 0 ]\{z 0 }. We also observe that a ( 
As in the proof of (5.6), we deduce that 
, and f ∈ A z . We have that e 0 ∈ C x ∩C y ∩ C z and f ∈ C y \(C x ∪ C z ). Since a 1 ∈ A y and A y ⊂ A z , it follows that a 1 
. This gives a contradiction. We conclude that no such x exists and thus X = {x 0 , y 0 , z 0 }. Thus Ω is seen to be a C-augmenting circuit, which yields a contradiction. We conclude that B y 0 ⊂ B x 0 .
We can now complete the proof of the theorem. By 
We shall de ne circuits ∆ 1 , ∆ 2 , . . . , ∆ l in the following way: The above together with the inequalities in (4) imply
Summing the above inequalities, we obtain
The above inequality contradicts (3). We conclude that no such counterexample M can exist, and this completes the proof of Theorem 3.2.
